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SOFTWARE TOOL FOR CALCULATING THE VOLUME
OF THE TETRAHEDRON ON THE LENGTHS OF ITS EDGES

Kuzmich V.I., Kuzmich Y.V.
Kherson State University

This paper describes the work of the software "calculator” that can be used to calculate the
volume of the tetrahedron on the lengths of its edges.
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It is well known condition for the construction of a triangle from three segments: if the
length of each of the three segments is less than the sum of the lengths of the other two segments,
then these segments is possible to construct a triangle, and conversely, the length of each side of the
triangle less than the sum of the lengths of the other two sides of a triangle (the triangle inequality).

Another analogue of this condition can serve as a condition of existence of nonzero area of
the triangle, which is calculated from the lengths of its three sides. This area can be calculated from
the known Herons formula:

s= izw-"(a— b+c)(b+c—a)latc—b)(atb—c), wherea, b, c-sides atriangle.

This formula shows that for the existence of a nonzero area of a triangle if and only if each
of its sides was less than the sum of the other two sides.

Tetrahedron (triangular pyramid) is the simplest polyhedron. Euclid called pyramid
geometric solid, lying between the planes and is posed from one plane to one point.

At the time of Plato's polyhedron seen as empty geometric solid, consisting of some edges.
Aristotle distinguished between empty and filled with polyhedral and treated them as different
body. Euclid considered as filled polyhedron of the body, but he did not specify what they are filled
with, since the antique mathematicians did not use the formal concept of space [1, p. 164].

Authors do not know the conditions of the construction of a tetrahedron on the lengths of its
edges. As one of these conditions can serve as a non-zero volume of a tetrahedron whose edges are
given six segments. German mathematician Joachim Jungius (1587-1657) received formula for the
volume of the tetrahedron on the lengths of its edges [2, c. 100]. But the construction of a
tetrahedron of the given segments, as shown by concrete examples, can lead to different values of
the volume of a tetrahedron, and in some cases, the tetrahedron cannot exist. Finding the volume of
a tetrahedron with different permutations of the edges leads to a large Number of calculations of a
formula Jungius (720 different permutations of the given six segments). In this paper describes the
authors developed a calculator that calculates the volume of the tetrahedron cycles, with different
permutations of its edges. By result calculation of the calculator can be seen on the existence of a
tetrahedron and get its volume, if it exists.

To write the formula Jungius need to introduce the following notations tetrahedral elements.

Given a tetrahedron SABC (figure 1). The edges of the tetrahedron we denote:

We denote volume of the tetrahedron — 7.
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Figure 1. The figure shows a tetrahedron and its elements.

If this notation is given by the formula Jungius is:

v?= m(aﬁaé(&% +aj+al+ai—ai—-ai)+

+ajai(ai + a3+ ai+a;—ai—ai)+aiai(ai+ai+ai+ai—ai—ai)—

2,2 2 2 42 2 242 2 2 42,2
—asa30g —aj;aza: —a;as;a; — az;azag).

Examples of specific numerical values show that for the same segments, with their specific
permutations of them, can build a tetrahedron, while other permutations cannot.

For some segments of three of the six specified may not be satisfied the triangle inequality
(therefore, one can construct a triangle), but the volume of a tetrahedron can exist in this case.

Such as:

=1 a, = a, = a; = 3 using the formula Jungius, we find:
26 . . . . -
V= *‘1—2 In this case, the inequality @, = 3 > a; + a; = 2 is satisfied.

On the other hand, if the triangle inequality holds for any three of the six segments defined,
then the tetrahedron with such edges may not exist.
Such as:

=

1 . .
a,=a;=as=1 a,=a,=— and a, = J then the value of the right side of formula

Jungius will be negative:

13
v:=——
1442
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In this case, the triangle inequality holds for all three segments of the six specified, since it

holds for the maximum length segment 5 and for the two smallest length @ and ¢ segments.
Indeed, we find:

! 1 .
a, +ag=—+-=1,07 Butaz =1, thena, + a; > a,.

In addition, the same segments can be constructed tetrahedron with different volumes.

Such as:

Iy =My =0 =20, =0, =0, =3,

[1%]

Ln

Using the formula Jungius, we find:

423

3

=

If we take the opposite:
Ay =03 =0 =3, 0y =0y, =z = 2,then1?=$,

From these examples, the conclusion is that the volume of the tetrahedron depends on its
orientation.

To test the feasibility of constructing a tetrahedron of the given six segments can be used by
formula Jungius. It needs to be numbered segments in accordance with sections made in this paper
the notation and calculate the right side of formula Jungius. If right side of the formula is not
positive, then the tetrahedron of the numbered sections so you cannot build. If right side of the
formula is positive, then the tetrahedron can be constructed.

The complexity of this method consists in a large number of permutations of the six
segments -720. For a large number of calculations can be used authors special calculator. This
calculator calculates the right side of formula Jungius for all possible permutations of the six
segments. With the work of the calculator, which is described in this paper, can be found at the
following address: http://ksuonline.ksu.ks.ua/mod/resource/view.php?id=2645

Figure 2 shows the working field calculator. On the calculator you can get all the possible
values of the right side of the formula Jungius, all positive, all zero, all negative values of the
formula.

To calculate the value of the formula Jungius need to enter values edges

a,, d;, a3, Ay, as, gz of the tetrahedron in the right side of the working field calculator. Then
choose the desired set of values of formula (all values, positive values, zero, negative) and button
«calculation» to activate (figure 2). When it is done in the working field calculator will appear «The
calculation is complete». In the working field calculator will show the selected values of the
formula Jungius and number of all calculated values. If the value of the formula will be zero or
negative, the calculator will indicate that tetrahedron cannot exist. If the value of the formula will be
positive, the calculator will indicate the value volume of the tetrahedron. In the working field of the
calculator the value of a volume tetrahedron is denoted by «v», and the value of a square volume is
denoted by «v2».

If data is entered incorrectly, the calculator displays the appropriate message. If the data
field «any» is empty, a message appears «Input the value any. If the data field «an» is not filled with
the numerical value «s», or a fractional number is written with a comma, a message appears «The
value of «an» is incorrect (s). Use point instead of commas for floating».
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Lengths edges of a tetrahedron

@
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@ All results

O Square vohme is positive
(tetrahedron exists)

O Square vohme is equal to zero
(tetrahedron does not exist; all points

are in one plane)

O Square volume is negative
(tetrahedron does not exist)

Calculation

Ukr Rus Eng
v - The volume of a tetrahedron
v2 - Square volume of a tetrahedron

Figure 2. All operating buttons are on-screen calculator.

Figure 3 shows the positive, zero and negative values square volume of a tetrahedron.

al=5; azZ=5; a3=4; a4=3:; aS=3; a6=4; vZ = 32.49305555555556; v = 5.7002Z650245587563. ;I
al=5; ai=5; a3=4; a4=3; aS=4; ao6=3; v2 = 32.49305555555556; v = 5.7002680248687563.

al=5; aZ=5: a3=3:; a4=4: aS=4:; ab=3; v2 = Z5.493055555555555; v = 5.049064519900369.

al=5; aZ=5; a3=3; ai4=4; aS5=3; a6=4; vZ = Z5.493055555555553; v = 5.049064519900369.

Lengths edges of a tetrahedron

al =|3 al=5; aZ=5; a3=3; ai4=4; aS=4; a6=3; vZ = Z5.493055555555553; v = 5.049064519900369.
l— al=5; aZ=5; a3=3; ai4=4; aS5=3; a6=4; vZ = Z5.493055555555553; v = 5.049064519900369.
a2 = al=5; al=5; ad=3; a4=3; aS=4; at=4; vi = 30.9375; v = 5.5602145865321747.
a3 =| al=5; aZ=5; a3=3:; ad4=3:; aS=4; a6=4; w2 = 30.9375; v = 5.562143865321747.
l— al=5; aZ=3; a3=3; ai4=4:; aS=5; a6=4; vZ = 32.49305555555556; v = 5.700Z650245587563.
at=}4 al=5; aZ=3; a3=3; a4=4; aS=4; a6=5; v = -5.506944444444444; Tetrahedron does not exist.
a9 =| al=5; aZ=3; a3=3; a4=5:; aS=4; a6=4; v = 32.49305555555556; v = 5.7002Z650245587563.
li al=5; a&=3; a3=3; at=5; aS=4; a6=4; vi = 3Z.49305555555556; v = 5.700Z650Z4537563.
ab = al=5; a2=3; a3=3:; ad=4; a5=5; a6=4; w2 = 32.49305555555556; v = 5.700268024337563.
al=5; aZ=3; a3=3; a4=4; aS=4; a6=5; v = -5.506944444444444; Tetrahedron does not exist.
al=5; aZ=3; a3=4; a4=3; aS=5; a6=4; vZ = Z5.493055555555553; v = 5.049064519900369.
= Al results al=5; aZ=3; a3=4; a4=3:; aS=4; a6=5; vi = -5.506944444444444; Tetrahedron does not exist.

al=5; ai=3; a3=4; a4=5; a5=3; a6=4; vZ = 30.9375; v = 5.562148565321747.
X . al=5; aiZ=3; a3=4; a4=5; aS=4; ab6=3; w2 = 32.49305555555556; v = 5.700265024857563.
c Square volume is posttive al=5; aZ=3; a3=4; a4=4:; aS=5; a6=3; vZ = 35.55555555555556; v = 5.9625479359999439,
(tetrahedron exsts) al=5; a2=3i; ai=4; ai=4; a5=3; a6=5; vi = 0; Tetrahedron does not exist.
al=5; aZ=3; a3=5; ai4=4:; aS=3; a6=4; v = 30.9375; v = 5.562145865321747.
al=5; aZ=3; a3=5:; a4=4; a5=4; a6=3; v2 = 25.493055555555553; v = 5.045064519900369.
al=5; aZ=3; a3=5; a4=3; aS=4; ab=4; w2 = 25.493055555555553; v = 5.049064819900369.,
al=5; aZ=3; a3=5; a4=3:; aS=4; a6=4; vZ = Z5.493055555555553; v = 5.049064519900369.

' Square volume iz equal to zero
(tetrahedron does not exst, all points

are in one plane;) al=5; a2=3; a3=5; ad4=4; a5=3; ab=4; v2 = 30.9375; v = 5.562145565321747.
al=5; aZ=3; a3=5; ad4=4; aS=4; af=3; vZ = 25.493055555555553; v = 5.049064319900369.
' Square volume 15 negative al=5; az=3; a3=4; ad4=4; a5=5; a6=3; Vi = 35.55555555555556; v = 5.962547939959433.

al=5; az2=3; a3=4; ail=4; a5=3; a6=5; v2 = 0; Tetrahedron does not exist.
al=5: aZ=3: a3=4:; a4=5: aS=4: a6=3:; v = 32.49305555555556: v = 5.7002Z650245587563.
al=5; aZ=3; a3=4; a4=5; aS=3; a6=4; vZ = 30.9375; v = 5.562145865321747.
al=5; aZ=3; a3=4; a4=3; aS=5; a6=4; vZ = Z5.493055555555553; v = 5.049064519900369.

(tetrahedron does not exst)

Calculation | al=5; a2=3; a3=4; a4=3; a5=4; af=5; vZ = -8.506944444444444; Tetrahedron does not exist.
m.mber of results: 720 -
4 »

Figure 3. The screen shows all the results of the calculations.

Figure 4 shows only the positive values of the formula. In these cases, there is a tetrahedron.
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al=5; a a3=4; a4=3; a5=4; a6=3; v2 = 32.49305555555556; v = 5.700268024887563. [A]
al=5; a a3=4; ad=3; ; a6=4; v2 = 32.49305555555556; v = 5.700268024887563.
Lengths edges of a tetrahedron al=5; a a3=4; ad=4; a6=3; v2 = 35.55555555555556; v = 5.962847939999439.
al=5: a a3=4; ad=4; a6=3; v2 = 35.55555555555556; v = 5.962847930999439.
al=3 al=5: a a3=4; a4=3; a6=3; v2 = 32.49305555555556; v = 5.700268024887563.
2= al=5; a a3=4; ad=3; a€=4; v2 = 32.49305555555556; v = 5.700268024887563.
al=5; a a3=4; ad4=3; a6=4; v2 = 32.49305555555556; v = 5.700268024887563.
a3=3 al=s; a a3=4; ad=3; a6=3; v2 = 32.49305555555556; v = 5.700268024887563.
al=4 ai=s; a a3=3; ad=4; a6=3; v2 = 25.493055555555553; v = 5,049064813900369.
S—E a3=3; ad=4; = 25.493055555555553; v = 5.049064819300369.
a3=3; ad=4; 25.493055555555553; v = 5.049064819900369.
ab= 5 a3=3; ad4=4; = 25.493055555555553; v = 5.049064819300369.
; = 30.9375; v = 5.562148865321747.
23=3; a4=3; = 30.9375; v = 5.562148865321747.
a3=3; ad=4; = 32.49305555555556; v = 5.700268024887563.
O Allresults a3=3; a4=5; = 32.49305555555556; v = 5.T700268024887563.
a3=3; a4=5; = 32.49305555555556; v = 5.700268024887563.
® Square volume is positive a3=3; ad=4; = 32.49305555555556; v = 5.700268024887563.
e a3=4; ad=3; = 25.493055555555553; v = 5.049064819300369.
a3=4; ad=5; = 30.9375; v = 5.562148865321747.
a3=4; ad=5; = 32.49305555555556; v = 5.700268024887563.

O Square volme is equal to zero
(tetrahedron does not exist; all points
are in one plane)

a3i=4; ad4=4;
a3¥=5: a4=4:
a3=5; a4=4;
a3=5; a4=3;
a3=5; a4=3;

2 = 35.55555555555556; v = 5.962847939995439.
2 = 30.9375; v = 5.562148865321747.

= 25.493055555555553; v = 5.049064819900369.
2 = 25.493055555555553; v = 5.049064819900369.
2 = 25.493055555555553; v 5.049064815500369.

O Square volume is negative

: al=s: a a3=5; a4=4: = 30.9375:; v = 5.562148865321747.
(tetrahedron does not exist) al=s5; a a3=s; a4=4; = 25.493055555555553; v = 5.049064819900369.
al=s: a a3=4; ad=4; 2 = 35.55555555555556; v = 5.962847939999439,
al=s: a a3=4; a4=5; 2 = 32.49305555555556; v = 5.700268024887563.

= 30.9375; v = 5.562148865321747.
= 25.493055555555553 v = 5.045064819900369.

Calculation al=5; a a3=4; a4=5;
al=5; a2=3; a3=4: a4=3:

Number of results: 576

]

Figure 4. Square volume is positive.

Figure 5 shows only zero values square volume of a tetrahedron. In this case, its volume is
also equal to zero, therefore tetrahedron does not exist (it is impossible to construct) and all six
points lie in one plane.

a4=5; aS5=4: Tetrahedron does not exist. [~]
a4=5; ab5=4; ; Tetrahedron does not exist.
Lemghsedgesofate&ahmﬁnn a4=3; aS=4; ; Tetrahedron does not exisc.
a4=5; as5=4: ; Tetrahedron does not exist.
al =3 ad=4: a5=5: Tetrahedron does not exist.
a2 =4 a4=4; a5=5; ; Tetrahedron does not exist.
a4=4; aS=5; ; Tetrahedron does not exisc.
a3=3 a4=4; as5=5: ; Tetrahedron does not exist.
al=4 a4=5; a5=3: Tetrahedron does not exist.
- a4=5; a5=3; ; Tetrahedron does not exist.
a4=53; aS=3; ; Tetrahedron does not exisc.
ab =5 a4=5; a5=3: ; Tetrahedron does not exist.
ad4=3: a5=5: Tetrahedron does not exist.
a4=3; a5=5; ; Tetrahedron does not exist.
O All results a4=3; a5=5; ; Tetrahedron does not exisc.

a4=3; a5=5;
ad4=3: aS5=4:
a4=3; a5=4;
a4=4; a5=3;
a4=4; as5=3:
24=3; ab=4:
a4=3; a5=4;
a4=4; a5=3;
a4=4; as5=3:
24=3; ab=4:
a4=3; a5=4;
a4=4; a5=3;
a4=4; as5=3:
; 24=3; ab=4:
5 5 ; a%=3; a5=4%;

=5; a ; =4; ad4=4; a5=3;
al=5; a2=3; a3=4; a%=4; a5=3;

Humber of results: 48]

Tetrahedron does not exist.
Tetrahedron does not exist.

Tetrahedron does not exist.
Tetrahedron does not exist.
Tetrahedron does not exist.
Tetrahedron does not exist.

O Square vohmne is positive
(tetrahedron exists)

) Square vohme is equal to zero
(tetrahedron does not exist; all points
are in one plane)

Tetrahedron does not exist.
Tetrahedron does not exist.
Tetrahedron does not exist.
Tetrahedron does not exist.

Tetrahedron does not exist.
Tetrahedron does not exist.
Tetrahedron does not exist.
Tetrahedron does not exist.

O Square volmme is negative
(tetrahedron does not exist)

Tetrahedron does not exist.
Tetrahedron does not exist.
Tetrahedron does not exist.

OO0 0000000000000 O0O0DO000O0D0DO0OO0O00O000O0O0

Figure 5. Square volume is zero.

Figure 6 shows only negative values square volume of a tetrahedron. In these cases,
tetrahedron do not exist (it is impossible to construct).
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Lengths edges of a tetrahedron
al =3
al=4
a3 =3
at =4
a5=|5
ab=§
O All results

O Square vohme is positive
(tetrahedron exists)

O Square vohme is equal to zero
(tetrahedron does not exist; all points

are in one plane)

@ Square volume is negative
(tetrahedron does not exist)

Calculation

al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
al=5;
Number of results:

a2=4;
a2=4;
a2=4;
al2=4;
a2=3;
a2=3;
a2=3;
az=3;
az=4;
a2=4;
a2=4;
a2=4;
az=3;
a2=3;
a2=3;
a2=3;
a2=4;
az=4;
a2=4;
a2=4;
a2=3;
a2=3;
a2=3;
a2=3;
a2=4;
az=4;
az=4;
az=4;
a2=3;
a2=3;
a2=3;
az=3;

a3=3;
a3=4;
a3=4;
a3=3;
a3=4;
a3=4;
a3=3;
a3=3;
a3=3;
a3=4;
a3=4;
a3=3;
a3=3;
a3=3;
a3=4;
a3=4;
a3=3;
a3=4;
a3=4;
a3=3;
a3=4;
a3=4;
a3=3;
a3=3;
a3=3;
a3=4;
a3=4;
a3=3;
a3=3;
a3=3;
a3=4;
a3i=4;

Figure 6. Square volume is negative.

ad=4;
ad=3;
ad=3;
ad=4;
ad4=3;
a4=3;
ad=4;
a4=4;
a4=4;
ad=3;
ad=3;
ad=4;
a4=4;
ad=4;
a4=3;
a4=3;
ad=4;
a4=3;
ad=3;
ad=4;
ad=3;
ad=3;
ad=4;
ad=4;
ad=4;
a4=3;
a4=3;
a4=4;
ad=4;
ad=4;
ad=3;
a4=3;

=1

; a&=5;
; a&=5;
; a&=5;
; a6=5;
; ag=5;
; a6=5;
; a6=5;
; a6=5;
; ae=5;
; a&=5;
; a&=5;
; a&=5;
; a&=5;
; ag=5;
; a6=5;
; a6=5;
; a6=5;
; ae=5;
; a&=5;
; a&=5;
; a&=5;
a6=5;
; a6=5;
; ag=5;
; a6=5;
; a6=5;
; a6=5;
; ae=5;
; a&=5;
; a&=5;
; a&=5;
; a&=5;

3
8
8
8
8

G

0O E0 O 0O C0 £O 0 O 0 00 £0 00 (0 O

-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;
.506944444444444;
.D06944444944444;
.5069444444449444;
.5069444949494944;
-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;
.506944444444444;
D065944444444444;
-50694444949444444;
.5069444949494944;
-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;
.506944444444444;
.D06944444944444;
.5069444444449444;
.5069444949494944;
-506944444444444;
-506944444444444;
-506944444444444;
-506944444444444;

Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron
Tetrahedron

does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does
does

not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not
not

exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.
exist.

Work calculator with specific numeric values indicates that the orientation of a tetrahedron
in space influence its existence and its characteristics.

It is known that any of two polygons of equal squares can be dissected into a finite number
of polygons, from which we can draw another polygon. For two polyhedron equal volumes this
property is not always satisfied. It is proved M. Dehn [3, p. 6]. This he proved third Hilbert's
problem [4, p. 28]. So in the future this work can be used to create these calculators for other figure

in space, which are composed of a finite number of tetrahedrons.

Calculator is presented in Ukrainian, Russian and English versions. The authors thank
Boukoulou Didier Criss and Alferov E. for help in translating into English the Calculator, and for

adapting the Calculator on the website of the Kherson State University.
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